Introduction
The present article is concerned with the subject of the recently discovered additional symmetry structure in the representation theory of quantum ane algebras. In the context of innite-dimensional representation theory this symmetry structure manifests itself as a level-0 action of the quantum ane algebra U q ( b sl n ) on a level-1 highest weight module of the same algebra U q ( b sl n ). First developments in this subject were made in the classical setting where the additional symmetry appears as a Yangian action on a level-1 highest weight module of the ane Lie algebra b sl n : Starting with the pioneering work [10] in which actions of the Yangian Y (sl 2 ) were dened on the irreducible level-1 highest weight modules of b sl 2 ; it was apparent that there exists an intimate relation between the Yangian or the level-0 actions and Long-Range Interacting Models such as the Calogero-Sutherland Model with spin and the Haldane-Shastry spin chain [2] , [3] . This relation initially was understood in the farmework of the Haldane-Shastry spin chain. In this case the generators of the Yangian symmetry of the level-1 b sl 2 modules are certain Field Theory limits of the nite particle Yangian generators that commute with the nite particle spin chain Hamiltonian. The spinon excitations of the Haldane Shastry Model are identied in the Field Theory limit with elements of a basis { called the spinon basis { which is generated from the highest weight vector by components of the chiral vertex operator in an irreducible level-1 highest weight module of b sl 2 : In [3] , [4] the irreducible level-1 b sl 2 modules were decomposed into direct sums of irreducible nite-dimensional Yangian representations by considering the action of the Yangian on the spinon basis.
The Haldane-Shastry spin chain is a special case of a more general solvable model which is the CalogeroSutherland Model with spin [2] . The former model is obtained from the latter in the limit of strong interaction where the dynamical and the spin degrees of freedom separate and it becomes possible to project the dynamical degrees of freedom out of the space of states. In several respects the structure of the Calogero-Sutherland Model with spin is simpler than that one of the Haldane-Shastry spin chain because the former model is generic and the latter is a specialization in the total family of Calogero-Sutherland Models parameterized by values of the coupling constant.
In view of the link that exists between the Haldane-Shastry Model and the level-1 representations of ane Lie algebras, it is not surprising that a similar link exists in the generic case of the Calogero-Sutherland Model with spin. In the simplest case of two-valued spin the manifestation of the Calogero-Sutherland Model in the representation theory of ane Lie algebras is the Yangian action on a level-1 fermionic Fock space module [15] of the ane Lie algebra b sl 2 [20] . Unlike the action on an irreducible b sl 2 module, the Yangian action on a Fock space depends on a parameter which is just the coupling constant of the Calogero-Sutherland Model with spin. At generic values of this parameter the decomposition of a Fock space as a Yangian module is irreducible and each of the irreducible components is isomorphic to a complete tensor product of fundamental nite-dimensional evaluation modules [5] of the Yangian [20] . This feature of the decomposition of a Fock space is in c ontrast with the more complicated structure of irreducible Yangian decomposition of the irreducible b sl 2 modules where, in general, an irreducible component is a subquotient of a tensor product of fundamental Yangian representations [3] , [4] . This observation is in agreement with the generic nature of the Calogero-Sutherland Model.
Analogues of the Yangian actions in the context of representation theory of quantum ane algebras are level-0 actions of the algebra U 0 q ( b sl n ) on level-1 U q ( b sl n ) modules. In the work [13] a level-0 action of U 0 q ( b sl 2 ) was dened on each of the irreducible level-1 U q ( b sl 2 ) modules. To obtain this level-0 action an analogue of the spinon basis created by components of the type I vertex operator was used. The generators of the level-0 action act on certain generating series for elements of this basis. The explicit form of these generators is obtained by the functorial construction, due to Cherednik [6] and Chari and Pressley [5] , from a representation of the ane Hecke algebra by Demazure-Lusztig operators and commuting Cherednik's dierence operators [7] . The Cherednik's operators, in general, depend on two parameters: q which is the deformation parameter of the quantum ane algebra, and p which determines the value of the dierenc e, and is analogous to the coupling constant of the Calogero-Sutherland Model with spin. The value of the parameter p needs to be specialized as a certain xed power of q in order to make the level-0 action on an irreducible U q ( b sl 2 ) module to be well-dened [13] . The irreducible decomposition of an irreducible level-1 U q ( b sl 2 ) module with respect to the level-0 action was investigated in the work [14] . In parallel with the classical case, an element of this decomposition is in general isomorphic to a subquotient of a tensor product of nite-dimensional fundamental representations of U 0 q ( b sl 2 ): The appearance of subquotients may be seen as a consequence of the specialization of the parameter p in the Cherednik's operators.
Let us now describe the content of our present work. Our motivation here is to investigate a q-deformation of the Yangian action on the level-1 classical Fock space modules. The level-1 quantum Fock space modules of the algebra U q ( b sl n ) were dened in the work [11] . Recently a new explicit realization of these modules 1 was proposed in the paper [16] . This realization is given in terms of the semi-innite q-wedge vectors and is a q-deformation of the well-known semi-innite wedge construction of the classical fermionic Fock space modules of b sl n [15] . In [16] it was shown that the q-deformed Fock space admits an action of the Heisenberg algebra which centralizes the level-1 action of U 0 q ( b sl n ): As a U 0 q ( b sl n )-Heisenberg bimodule the q-deformed Fock space is isomorphic to the tensor product of a level-1 irreducible highest weight representation of U 0 q ( b sl n ) and the bosonic Fock space representation of the Heisenberg algebra. This isomorphism gives the ir reducible decomposition of the q-deformed Fock space as a level-1 module of U 0 q ( b sl n ): In the present paper we dene another, level-0, action of U 0 q ( b sl n ) on a q-deformed Fock space. Our construction of the level-0 action is methodologically dierent from the construction of the work [13] , but there are certain common features. The q-deformed Fock space is graded by the degree generator of the level-1 action of U q ( b sl n ): The level-0 action on the q-deformed Fock space is dened so that each homogeneous component of this grading is invariant. In order to construct the level-0 action on a given homogeneous component we identify this component with the projective limit of a certain innite sequence of nitedimensional representations of U 0 q ( b sl n ). The underlying linear space of a representation from this sequence is a subspace in the nite q-wedge product introduced in [16] . The U 0 q ( b sl n ) action on each of these nitedimensional representations is given in a manner similar to that one of [13] , that is by the functor [6] , [5] from a module of the ane Hecke algebra. This module is the same as the one used in [13] , but now the parameter p in the Cherednik's operators is allowed to be an arbitrary complex number.
The sequence of the nite-dimensional U 0 q ( b sl n ) modules is equipped with a projection between adjacent elements. This projection intertwines the U 0 q ( b sl n ) actions and hence a level-0 action of U 0 q ( b sl n ) is dened on the projective limit of the sequence. This limit is identied with a homogeneous component of the q-deformed Fock space and hence a level-0 action on the entire Fock space, which is a direct sum of the homogeneous components, is dened. By construction this level-0 action depends on the parameter p:
Apart from giving the denition of the level-0 action we investigate the decomposition of the q-deformed Fock space as a level-0 U 0 q ( b sl n ) module. At generic values of the parameter p this decomposition is irreducible, and each of the irreducible components is isomorphic to a tensor product of the fundamental, in the terminology of [5] , nite-dimensional U 0 q ( b sl n ) modules. The arrangement of the paper is as follows. Section 2 is has an introductory character, here we give the relevant background information on the ane Hecke algebra and q-wedge products. In Section 3 the space of nite q-wedges is decomposed with respect to a certain level-0 U 0 q ( b sl n )-action. In Section 4 we dene the level-0 action and the family of commuting Hamiltonians in the Fock space. These Hamiltonians commute with the level-0 action. Section 5 contains results on the decomposition of the Fock space with respect to this action. In this section we use the results of Section 3. Acknowledgments We would like to thank Professors M.Kashiwara and T.Miwa for discussions and support.
Preliminaries
In this introductory section we set up our notations and collect several known denitions and results to be used starting from Section 3. For details one may consult the works [16, 2, 8, 18 ].
Ane Hecke algebra
The ane Hecke algebra b H N (q) is an associative algebra generated by elements T i ( i = 1; : : : ; N 0 1) and y 61 j (j = 1; : : : ; N). These elements satisfy the following relations: N ]: Throughout this paper the q is taken to be a complex number which is not a root of unity (q = 1 is allowed). We call such q and a p 2 C n q 2Q 0 generic, and in what follows we consider only generic q and p unless stated otherwise. Remark Two dierent actions of b H N (q) (2.7, 2.9) are related to the double ane Hecke algebra [7] , [8] or the toroidal Hecke algebra [22] . (2.14)
Following [8] , [18] we will refer to the Laurent polynomials 8 (z) as Non-symmetric Macdonald Polynomials ( of type A ).
The action of the nite Hecke algebra generators g i;i+1 in the basis f8 (z) j 2 Z N g is summarized as follows [7] , [8] , [18] , [21] : where E 0 ; 2 End(V ) is specied by E 0 ; v = ; v 0 and S i;i+1 signies S acting in the i-th and i + 1-th factors in N V . Remark The Hecke generators T i that are used in [16] are related to the generators which we use in this paper as follows:
T i = qK i;i+1 (g i;i+1 + S 01 i;i+1 ) 0 I: (2.19) Now dene ( N V (z)) as:
Ker(g i;i+1 + S 01 i;i+1 ): (2.20) In this setting the q-wedge product^NV (z) is dened as the quotient: N V (z) = N V (z)=: (2.21) This denition is equivalent to the denition in [16] due to the Remark above. Notice that for q = 1 the q-wedge product is just the usual exterior (wedge) product of the spaces V (z). In what follows we will use the term \wedge product" always for the q-deformed wedge product (2.21). 4
Let 3 : N V (z) !^NV (z) be the quotient map specied by (2.21) . The image of a pure tensor u k1 u k2 1 1 1 u kN under this map is called a wedge and is denoted by: u k1^uk2^1 11^u kN := 3(u k1 u k2 1 1 1 u kN ): (2.22) In [16] it is proven that a basis in^NV (z) is formed by the normally ordered wedges, that is the wedges (2.22) such that k 1 > k 2 > 1 1 1 > k N . Any wedge can be written as a linear combination of the normally ordered wedges by using the normal ordering rules [16] : u l^um = 0u m^ul ; for l = m mod n; (2.23) u l^um = 0qu m^ul + (q 2 0 1)(u m0i^ul+i 0 qu m0n^ul+n + +q 2 u m0n0i^ul+n+i + : : : ); (2.24) for l < m; m 0 l = i mod n; 0 < i < n: The sum above continues as long as the wedges in the right-hand side are normally ordered. where in the right-hand side we regard the indices , + 1 modulo n. The substitution y i = z 01 i in these expressions gives the U 0 q ( b sl n ) action which was considered in [16] . Denote this action by U (N)
1 . The other choice of the ane Hecke algebra generators:
gives another action of U 0 q ( b sl n ) in N V (z). This action is the principal object of study in the present paper . We denote it by U (N) 0 . The centre of b H N (q) is generated by symmetric polynomials in y 61 i so we consider two Abelian algebras: a of the trigonometric Ruijsenaars Model with spin [17] . This Model is a q-deformation of the Calogero-Sutherland Model with spin which was introduced in [2] .
It is straightforward to verify by using the relations of the ane Hecke algebra, and the explicit form of the operator S (2.18) that the actions U (N) j and H (N) j for j = 0; 1 preserve the subspace . This implies that U (N) j and H (N) j ; (j = 0; 1) are well-dened in the wedge product^NV (z), and from now on we consider these actions as dened in^NV (z). Remark Two U 0 q ( b sl n ) actions U (N) j (j = 0; 1) are related to the toroidal quantum group dened in [22] .
2.Yangian symmetry of the Calogero-Sutherland Model with spin
The limit of the U 0 q ( b sl n )-action U (N) 0 where we set p = q 02 ; ( 2 R) and q ! 1 is closely related to the Yangian action that appears in the context of the Calogero-Sutherland Model with spin [2] . It is often convenient to consider this limit along with the complete q-deformed case because it is technically simpler to deal with. In particular the Field Theory limit N ! 1 of the Yangian action is constructed in a rather straightforward way [20] and may serve as a template for the more complicated construction in the q-deformed situation which we discuss in section 4. Here we briey review the Yangian action on the classical (i.e. q = 1) nite wedge product in the simplest case of the Yangian Y (sl 2 Together with the permutation operators K i;i+1 (i = 1; : : : ; N 0 1) the Dunkl operators satisfy the dening relations of the degenerate ane Hecke algebra: where the P i;i+1 is the permutation operator of the factors i and i + 1 in the tensor product N C 2 : Clearly the classical wedge product is nothing but the special case of the q-wedge product where q = 1:
The fact that the Yangian action is well-dened on the quotient space^NV (z) follows from the observation, easily veried by using the realtions of the degenerate ane Hecke algebra, that the generators (2.33), (2.34) leave the subspace q=1 invariant.
Explicit formulas for the action of the Yangian generators in the basis of normally ordered wedges can be derived without diculty owing to the uncomplicated structure of the Dunkl operators. If w is a normally ordered wedge in the classical wedge product^NV (z); i.e. The level-0 action U (N) 1 in the limit N ! 1 was used in [16] to dene a level-1 action of U 0 q ( b sl n ) in the space F M , such that as an U 0 q ( b sl n )-module F M is isomorphic to the Fock space module introduced in [11] . The Abelian algebra H (N) 1 in the same limit gives rise to an action of the Heisenberg algebra in F M . The two main problems which we address in the present paper are: 1) To dene a level-0 U 0 q ( b sl n )-action in F M starting from the action U (N) 0 in^NV (z). 2) To construct the irreducible decomposition of the Fock space F M with respect to this action.
Decomposition of the nite wedge product
In this section we nd the decomposition of the wedge product^NV (z) with respect to the U 0 q ( b sl n )-action
0 . In order to derive this decomposition we construct a suitable base of^NV (z) by using the Nonsymmetric Macdonald Polynomials 8 (z). >From these relations and from (3.9) it is straightforward to derive, that a vector 3(8 (z) v) is equal to zero if the sequence is not n-strict. Then making use of (3.9), (3.10 -3.11 ) we derive from (3. In the rest of this section we will describe the structure of the E m for a xed m 2 M n N as an U 0 q ( b sl n )-module with the action U (N) 0 . 8 The proofs of this Proposition and the Lemma 1 are discussed in the Appendix.
Finally we note that^N In this section we will dene a level-0 action of the U 0 q ( b sl n ) on the space of semi-innite wedges F M ( or, equivalently, on the level-1 Fock space module of the same algebra { U 0 q ( b sl n ) { see subsection 2.6 ) starting from the action U (N) 0 which was dened in section 2 on the nite wedge product. The level-0 action on the space F M is constructed by taking a suitable projective limit of U (N) 0 and can be thought of as an appropriate, well-dened limit of U (N) 0 when the number of particles N approaches innity. This construction of the level-0 action on the Fock space is uncomplicated in principle but is technically somewhat involved. To explain what we are aiming at and what are the main ideas to be employed we would like to start with an informal preliminary consideration.
The motivation and principal features of the construction
To explain our motivation and to connect our framework with the results of [3] , [4] we will rst discuss the denition of the Yangian action on the Fock space in the classical case q = 1 following the work [20] .
Let F M (M 2 Z) be the classical Fock space, i.e. the space dened in subsection 2.6 where q is set to be equal to 1. This space is spanned by semi-innite wedges 2) The symbol^now obeys the classical antisymmetry relation u k^ul = 0u l^uk which is obtained by setting q to be equal to 1 in the normal ordering rules (2.23), (2.24).
In the subsection 2.5 the action of the Yangian Y (sl 2 ) was dened on the nite wedge product. This action is extended on the space of semi-innte wedges F M without diculty. To specify the action of the Y (sl 2 ) generators Q a 0 ; Q a 1 (a = 1; 2; 3) on a semi-innite wedge w = u k1^uk2^uk3^1 1 1 we only have to replace the summations from 1 to N in the formulas (2.36), (2.37) by summations from 1 to 1: For any normally ordered wedge w from the space F M this gives It is not dicult to see that, apart from the ambiguity in the denition of the action of the generator Q 3 0 which is removed by requiring that Q 3 0 :jMi = 0 (M is even) and Q 3 0 :jMi = jMi (M is odd), the expressions (4.3), (4.4) specify well-dened operators on the space F M : This means that when we act with any of Q a 0 ; Q a 1 (a = 1; 2; 3) on a semi-innite wedge from F M the result is a nite linear combination of semi-innite wedges from F M : The antisymmetry relation u k^ul = 0u l^uk is the essential reason for this well-denedness.
There is a close relationship between the Yangian generators (4.3), (4.4) and the generators of the Yangian action on the the level-1 b sl 2 modules introduced in [10] . To see this relationship we recall the interpretation of the space F M as a subspace ( of xed charge M) in a certain fermion Fock space.
Let the linear space F be dened as the direct sum of the F M taken over all integer M:
(4.5)
The space F can be identied with the fermion Fock space [15, 16] (4.6) where the hat over u ki indicates that this factor is omitted from the product.
The operators k and k generate the entire space F from the vacuum j0i and satisfy the usual fermion anticommutation relations f k ; l g = kl ; (4.7) f k ; l g = f k ; l g = 0: It is well-known (see e.g. [15] ) that each of the spaces Clearly it is possible to express the Yangian generators (4.3) and (4.4) in terms of the fermions (4.6). In fact we may express the Yangian generators in terms of the generators of the b sl 2 and the Heisenberg algebra [20] . These expressions are found to be given by (4.15) also satisfy the dening relations of the Yangian Y (sl 2 ) [9] . In (4.14), (4.15) we readily recognize the generators of the Yangian action on the irreducible level-1 representations of b sl 2 that were introduced in [10] and subsequently studied in [3] , [4] .
The natural question that one may ask now is whether one can dene a level-0 action of the quantum algebra U 0 q ( b sl n ) on the q-deformed Fock space (see subsection 2.6) along lines similar to the construction of the Yangian action on the classical Fock space. As we will demonstrate in the next subsection, the answer to this question is positive, and the required action is provided by a certain limit of the action U (N) 0 (see subsection 2.4) where N becomes innite.
However, to carry out the construction of the level-0 action in the q-deformed case we need to introduce certain new ideas as compared to the Yangian situation discussed above. The reason why we need to do this is explained by the complicated structure of the Chevalley generators E 0 and F 0 of the action U (N) 0 ( see (2.25) -(2.27) ) which does not allow to derive simple formulas for the actions of these generators on a normally ordered wedge in the (q-deformed) wedge product^NV (z) that would be similar to the formulas available in the Yangian case (2.36),(2.37). Because of this limitation we are not able to show directly that the generators of U (N) 0 where the N is formally set to be innite specify well-dened operators on the Fock space. Instead of a direct approach of this kind, in the next subsection we develop a dierent approach, principal features of which we will now briey describe.
The level-1 Fock space U q ( b sl n )-module F M (M 2 Z) is graded by the degree generator of the level-1 U q ( b sl n )-action [16] . For each non-negative integer k the homogeneous component F k M of the degree k is nite dimensional. We dene a level-0 action of the quantum algebra U 0 q ( b sl n ) on the F M in such a way that it leaves each of the homogeneous components To prove this and other Propositions we need two Lemmas. The rst of these Lemmas concerns properties of the operators (2.10) and the operators i;j which were dened in sec. 2.2. We will also need the following Lemma which shows triangularity of the normal ordering. Lemma 3 Let v 2 N C n , and 3 be the quotient map dened by (2.21) .
Then in the notations of Lemma 2 the following holds: 3(z n v) = X n 0 ;e c(n; v; n 0 ; e)w(n 0 ; e); (4.34) where c(n; v; n 0 ; e) is a coecient and the summation ranges over n 0 such that (n 0 ) + (n) + N0k such that n 1 ; n 2 ; : : : ; n N0k < m, and therefore the formula (4.31) implies that: 
A Appendix
In this appendix we summarize the conventions concerning the algebra U 0 q ( b sl n ) and the Drinfel'd Polynomials adopted in this paper. In particular we discuss the proof of Lemma 1. Denition 1 [5] The quantum Kac{Moody algebra U 0 q (g(A)) associated to a symmetric generalized Cartan matrix A = (a ij ) i;j2I:=f0;1;:::n01g is the unital associative algebra over C with generators E i , F i , K 61 i (i 2 I) and the following dening relations: (A.8)
The coproduct 1 is given by 1(E i ) :
In particular the algebra U 0 q ( b sl n ) is the algebra U 0 q (g (A) ), where the generalized Cartan matrix A = (a ij ) i;j2I is a ij = We put c 0 := K 0 K 1 : : : K n01 in U 0 q ( b sl n ), then c 0 is the central in U 0 q ( b sl n ). We dene L q (sl n ) as the quotient of U 0 q ( b sl n ) by the two sided ideal generated by c 0 0 1. Proposition 10 [5] L q (sl n ) is isomorphic as an algebra to the algebra A with generators E i;r ; F i;r (i 2 f1;: : : ; n0 1g;r 2 Z), H i;r (i 2 f1; : : : ; n 01g, r 2 Znf0g), and K 61 i , (i 2 f1; : : : ; n 01g), and the following dening relations: respectively. Assigning to W the corresponding n01{tuple of polynomials denes a one to one correspondence between the isomorphism classes of nite{dimensional irreducible U 0 q ( b sl n ){modules of type 1 and the set of n 0 1{tuples of monic polynomials in one variable u. We dene the polynomials P 1 (u);: : : ; P n01 (u) to be the Drinfel'd Polynomials.
Remark If we change the isomorphism of the Proposition 10, the Drinfel'd Polynomials may be changed.
As a consequence of this Proposition, we get 
